
Particle Motion

Background and Definitions

� Function: a rule that assigns to each element in the domain a unique element in the range.

Vector-valued function or vector function:

A function whose domain is the set of real numbers and whose range is a set of vectors.

Consider vector functions r whose values are two-dimensional vectors.

For every number t in the domain of r, there is a unique vector denoted by r.t/.

Suppose f .t/ and g.t/ are the components of the vector r.t/.

Then f and g are real-valued functions: component functions of r.

Notation: r.t/ D hf .t/; g.t/i

� The connection between vector functions and particle motion:

Suppose a particle moves in the plane so that at time t the position of the particle is given by the

parametric equations x D f .t/, and y D g.t/.

Consider the vector function r D hf .t/; g.t/i.

r.t/: the position vector of the point P.f .t/; g.t//.

Therefore: any continuous vector function r describes the position of a particle in two

dimensions and, also defines a curve C traced out by the tip of the moving vector r.t/.

� The derivative r0 of a vector function:

r.t/ D hf .t/; g.t/i ) r0.t/ D hf 0.t/; g0.t/i



� Suppose a particle moves along a curve C : position vector at time t is r.t/.

Velocity vector : v.t/ D r0.t/ D
�
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;
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Speed of the particle at time t ; the magnitude of the velocity vector:
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Total distance traveled by the particle from time t D ˛ to time t D ˇ:
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Acceleration of the particle at time t : derivative of the velocity:

a.t/ D v0.t/ D r00.t/ D
�
d 2x

dt2
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d 2y

dt2
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Example 1 Motion in the Plane

A particle moving along a curve in the xy-plane is at position .x.t/; y.t// at time t , for t � 0,

where

x.t/ D ln.1 C t2/ � et=2 C 2t y.t/ D t cos

�
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�

(a) Sketch the path of the particle. Use arrows to indicate the direction of the particle at t

increases.



(b) Find the velocity vector and the acceleration vector at time t D 1.
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(c) Find the speed of the particle at time t D 4.

speed D
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(d) Find an equation of the tangent line to the path of the particle at time t D 2.

.x.2/; y.2// D .ln 5 � e C 4; 2 � .�1// D .ln 5 � e C 4; �2/
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An equation of the tangent line:
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28 � 5e
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Example 2 Particle Motion and Technology

A particle moving along a curve in the xy-plane is at position .x.t/; y.t// at time t , for t � 0,

where
dx

dt
D sin 2t

1 C t2

dy

dt
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(a) Find the speed of the particle at time t D 1. Find the average speed of the particle over the

interval Œ1; 5�.
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(b) Find the distance traveled by the particle over the time interval 1 � t � 2.

distance traveled D
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(c) Find the acceleration vector at time t D 1.

x00.1/ D �0:871 y00.1/ D 3:290

a.1/ D h�0:871; 3:290i



Example 3 New Position

A particle moving along a curve in the xy-plane is at position .x.t/; y.t// at time t , where

dx
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dy

dt
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/

for t � 0. At time t D 1 the particle is at position .3; �4/.

(a) Find the slope of the tangent line to the curve at position .3; �4/.
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(b) Find the x-coordinate of the position of the particle at time t D 4.

x.4/ D x.1/ C
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Challenge: Find the y-coordinate of the position of the particle at time t D 4.



Example 4 Homework Problem

A particle moving along a curve C in the xy-plane is at position .x.t/; y.t// for 0 � t � 10,

where

y.t/ D 0:01.t3 � 22t2 C 120t/
dx

dt
D sin

�
�.t � 2/2
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�
and x.t/ is not explicitly given. At time t D 2 the x-coordinate of the position of the particle is

x D 1, and the curve C is shown in the figure.

(a) Find the position of the particle at time t D 4.

(b) Find the acceleration vector when the speed is first equal to 1.

(c) Find all times t , 0 � t � 10, for which the tangent line to the curve C is vertical.

(d) Does the particle ever exceed a height of 2? Justify your answer.

(e) Find the average speed of the particle for 0 � t � 10.



Solution
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D ln.2 C 42/p

1 C 42
D ln 18p
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Common Errors

(1) Most students recognized the need to find
y0.4/

x0.4/
.

(2) There were some communication errors, especially in equating a function to a specific value.

(3) Some students presented the reciprocal of the correct answer.



Solution

Speed D
p

Œx0.4/�2 C Œy0.4/�2 D
p

17 C .ln 18/2 D 5:035300
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There must be supporting work. (See last item.)

The first and the second component of the acceleration vector can be earned independently.

Good communication skills are necessary.



a.4/ D hy00.4/; x00.4/i D h0:444; 0:970i ? - 0

a.4/ D h0:970; 0:444i



Common Errors

(1) Equating the speed function with the value of the function at t D 4.

(2) Use of the notation jvj without any indication about how the quantity v was defined.

(3) Parentheses errors that resulted in ambiguous or incorrect expressions.

(4) Many students found the components of the acceleration vector symbolically.

In this case: chain rule errors, power rule errors.

(5) Some responses found the length of the acceleration vector.

(6) Incorrect labels or no labels on vector components.



Solution

Given: y.4/ D 5, Need y.6/

Z 6

4

y0.t/ dt D y.6/ � y.4/ ) y.6/ D y.4/ C
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y0.t/ dt

y.6/ D 5 C 6:570517 D 11:570517

The y-coordinate of the particle’s position at time t D 6 is 11.571.



We want to see the correct integrand.

A definite integral with correct integrand and incorrect limits cannot resolve to the correct answer.

Therefore, this cannot earn the answer point.

If there are no bounds on the integral, then the response is not eligible for the third point.
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y0.t/ dt D 6:571 1 - 0 - 1



Common Errors

(1) Presentation of only an indefinite integral.

(2) Failure to add the initial position y.4/.

(3) Attempts to find

Z
ln.2 C t2/ dt using integration by parts.
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(4) CAS results for
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Solution

Distance D
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Common Errors

(1) Presentation errors: missing parentheses.

(2) Presentation of the definite integral
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(3) Presentation of the definite integral:
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